Introduction
The goal of this paper is to investigate a fairly general enumeration problem related to the theory of knots, links and tangles: we want to count objects which live in 3-dimensional space and are (loosely) made of a certain collection of "ropes", some of which open (with fixed endpoints) and some closed on themselves, intertwined together in an alternating way. As usual in knot theory, these objects will be considered up to topological equivalence (deformation or ambient isotopy), and represented by their projections on the plane; we shall then classify them according to the (minimal) number of crossings, the number of The colors allow us to distinguish the various external legs and add an extra power series variable in the theory (the number of colors n) to count separately objects with different numbers of connected components.
The idea to use colors was already suggested in [1, 2] and present in the work [3] .
At this stage it is natural to define a matrix model whose Feynman diagram expansion will produce such diagrams with n colors. Here we shall give a unified quantum fieldtheoretic treatment of this O(n)-invariant matrix model, which simplifies and generalizes the equations obtained in [3] (section 2 below). In particular, it gives a practical way to do the enumeration by computer; this procedure was recently used in the numerical work [4] .
Even though the matrix model we propose is fairly natural, since as we shall see it is the most general quartic O(n)-invariant matrix model with a single trace in the action, it is in general unsolvable (or at least unsolved). It can be thought of as describing a statistical model on random dynamical lattices; more precisely, it is a model of fully packed loops drawn in n colors on random tetravalent planar diagrams with weights attached to vertices (intersections or tangencies of loops). Even the corresponding model on a regular (flat) square lattice is not fully understood. However it is tempting to speculate on its universality class; and that putting it on random lattices will correspond to the usual coupling of two-dimensional conformal field theory to gravity, which allows to predict the critical exponents of the theory based on the KPZ relation [5] . This in turn leads to various conjectures on the asymptotic number of large links and tangles, made in [2] , which have been checked numerically in [4] . We shall not come back to these conjectures here, but instead produce exact analytic solutions of two particular cases of our matrix model (section 3 below): the classical case n = 1 (no colors), with some generalizations of the results of [1] ; and the case n = −2, which is interesting because its asymptotic behavior cannot be obviously guessed by the universality arguments mentioned above.
General principle
We assume the reader familiar with the concept of links and tangles. Let us recall here that once projected on a plane, they give rise to planar diagrams with tetravalent vertices which must be "decorated" to distinguish under/over-crossings. Link diagrams are closed, whereas tangle diagrams have external legs. The diagrams are said to be alternating if one meets undercrossings and overcrossings alternatingly as one follows the various closed loops of the diagram. The alternating property allows to ignore the decorations of the vertices since they can be recovered from the diagram alone (up to a mirror symmetry for the closed diagrams, see below).
Definition of the O(n) matrix model
As in [2] and [3] , we start with the following matrix integral over N × N hermitean matrices
where n is (for now) a positive integer. The integral is normalized so that Z (N) (n, 0) = 1.
The partition function (2.1) displays a O(n) symmetry where the M a form a vector of
Expanding in power series in g generates Feynman diagrams with double edges ("fat graphs") drawn in n colors in such a way that colors cross each other at the vertices. By More precisely, the large N "free energy"
1 Note that the next orders in the 1/N expansion of the free energy log Z (N ) would correspond to link diagrams drawn on thickened surfaces of higher genus, cf [6] .
is a double generating function of the number f k;p of alternating link diagrams with k connected components and n crossings (weighted by the inverse of their symmetry factor, and with mirror images identified):
Note that it is clearly possible to analytically continue Z (N) (n, g) to arbitrary values of n (using, for example, a Hubbard-Stratonovitch transformation) so that Eq. (2.3) still holds. In particular, the counting of knot diagrams is given by F 1;p and can be obtained by formally taking the limit n → 0, in the spirit of the replica method. Also, if n is an even negative integer one can write fermionic analogues of (2.1), see section 3.2, which display
If one is interested in counting objects with a weight of 1, one cannot consider the free energy which corresponds to closed diagrams, but instead correlation functions of the model which generate diagrams with external legs: these are essentially tangle diagrams.
Typically, we shall be interested in the two-point function
where the measure on the the matrices M a is given by Eq. (2.1) and a is any fixed index, which generates tangle diagrams with two external legs; and the connected four-point functions
where a and b are two distinct indices, which generate tangle diagrams with four external legs of type 1 and 2 (see Fig. 4 ). Note that the freedom to replace a link diagram with its mirror image by inverting all under/over-crossings is, in the case of correlation functions, removed by fixing conventionally the first crossing encountered starting from a given external leg.
Let us briefly mention for now that the definition of G(n, g) again assumes n to be a positive integer, and has a natural continuation to any n; however the definitions of Γ i (n, g) are only meaningful for n integer greater or equal to 2, and there is a difficulty associated to this, which will be explained in section 2.3. 
Renormalization of the O(n) model
The model presented above is not sufficient to properly count colored tangles. Essentially, this comes from the fact that there is not a one-to-one correspondence between diagrams and the objects they are obtained from by projection. This generates a redundancy in the counting since to a given knot will correspond many (an infinity of) diagrams, each counted once. In the case of alternating diagrams one can distinguish two steps to remove this redundancy. First one must find a way to restrict ourselves to reduced diagrams which contain no irrelevant crossings ( To summarize, there are two problems: a) the diagrams generated by applying Feynman rules are not necessarily reduced or prime; b) several reduced diagrams may correspond to the same knot due to the flyping equivalence. A study of Figs. 5 and 6 shows that this "overcounting" is local in the diagrams in the sense that problem a) is related to the existence of sub-diagrams with 2 external legs, whereas problem b) is related to a certain class of sub-diagrams with 4 external legs. Clearly such graphs can be cancelled by the inclusion of appropriate counterterms in the action. We are therefore led to the conclusion that we must renormalize the quadratic and quartic interactions of (2.1). Now renormalization theory tell us that we should include in the action from the start every term compatible with the symmetries of the model, since they will be generated dynamically by the renormalization. In order to preserve connectedness we only look for terms of the form of a single trace. A key observation is that, while there is only one such quadratic O(n)-invariant term, there are two quartic O(n)-invariant terms, which leads to a generalized model with 3 coupling constants in the action (bare coupling constants):
The Feynman rules of this model now allow loops of different colors to "avoid" each other, which one can imagine as tangencies (Fig. 7) . We define again the correlation functions G(n, t, g 1 , g 2 ) and Γ i (n, t, g 1 , g 2 ) (Eqs. (2.4) and (2.5)), and want to extract from them the counting of colored alternating tangles with external legs.
The idea is to find the expressions of t(g), g 1 (g) and g 2 (g) as a function of the renormalized coupling constant g, in such a way that the overcounting is suppressed and the correlation functions are generating series in g of the number of colored tangles. At leading order, we shall have t(g) = 1 + o(1), g 1 (g) = g + o(g) and g 2 (g) = o(g) so that we recover the original model (2.1). However there will be higher order corrections which correspond to the counterterms.
Let us consider t(g) first. It is clear that one must remove all two-legged subdiagrams, that is impose Fig. 8 : Decomposition of the two-point function. Reexpanding in powers of t − 1 will cancel the powers of Σ iff t = 1 + Σ.
Let us see more explicitly how this fixes t(g). Noting that (Fig. 8 )
where Σ is the generating function of 1PI (one-particle irreducible, i.e. which cannot be made disconnected by removing one edge) two-legged diagrams, one finds equivalently that .9) i.e. the counterterms generated by t(g) must cancel all 1PI two-legged subdiagrams. This is almost a tautology; notice however that one must not cancel all two-legged subdiagrams, since one-particle reducible diagrams would be subtracted multiple times. Next, we must consider the flyping equivalence. Again, it is important to notice that a flype can be made of several "elementary" flypes ( Fig. 9) , an elementary flype being by definition one that cannot be decomposed any more in this way. In the terminology of QFT, an elementary flype consists precisely of one simple vertex connected by two edges to a non-trivial H-2PI (two-particle irreducible in the horizontal channel) tangle diagram.
Non-trivial means not reduced to a single vertex; H-2PI means that the tangle diagram cannot be cut into two pieces containing the left and right external legs respectively, by removing two edges. We therefore need to introduce auxiliary generating functions H ′ 1 (g), H ′ 2 (g) and V ′ 2 (g) for non-trivial H-2PI tangles of type 1, of type 2 and of type 2 rotated by π/2 respectively. Only these must be included in the counterterms. It is now a simple matter to consider all possible insertions of elementary flypes as tangle sub-diagrams of a diagram; taking into account the two types of tangle sub-diagrams and the two channels (horizontal and vertical), we find (Fig. 10) that the renormalization of g 1 and g 2 is simply: All that is left is to find the expressions of the auxiliary generating functions in terms of known quantities. They are easily obtained by decomposing the four-point functions in the horizontal and vertical channels, and will not be rederived here (the reader is referred to e.g. [3] for details).
Summary and discussion
We shall now summarize and rewrite more explicitly the formulae found previously, as well as discuss their implications.
Let us assume that for a certain n, we have computed the free energy F (n, t, g 1 , g 2 ).
What can we extract from the formulae of the previous paragraph, and how?
First, let us differentiate F ; we find
as well as two other quantities,
(2.13.1)
According to the equations of motion, these three quantities are not independent:
Comparing (2.13) with the definition (2.5) of the Γ i , we see that there are two different choices of basis of the four-point functions; 2 using O(n)-invariance of the measure it is easy to relate them:
These relations also have a simple diagrammatic interpretation, which proves in particular that they are valid for any (complex) n. One observes that relations (2.15) can be inverted to extract Γ 1 and Γ 2 only if n = 1, −2. These two cases will be the object of study of the next section, they are the first in the series of bosonic / fermionic matrix models; and as will be shown these are the values of n for which the model possesses only one quartic O(n)-invariant, contrary to the generic case. For now we simply observe that for n = 1, 2 Using the Γ i as the preferred basis is not only natural diagramatically; it is also imposed by the structure of the equations such as (2.10) and (2.11).
F 1 = F 2 and therefore according to (2.13), the free energy F is a function of g 1 + 2g 2 only; while for n = −2, F 1 = −2F 1 and F is a function of g 1 − g 2 only.
Once we have computed G, Γ 1 and Γ 2 , we can slightly simplify the renormalization equations using the obvious scaling property:
Combining this with Eq. (2.7) results in fixing t(g):
At this stage the three unknowns t(g), g 1 (g), g 2 (g) only appear through the combinations
in particular we have the following expressions for the Γ i ≡ Γ i (n, t(g), g 1 (g), g 2 (g)):
We only need to solve the two remaining renormalization equations (2.10), which we rewrite here:
where the auxiliary generating functions are still given in terms of the Γ i by Eqs. (2.11).
Finally, solving Eqs. (2.19) gives access to the Γ i , which are the generating series of the numbers of prime alternating tangles of type i. However, we can go further. By computing other correlation functions in the model and composing them with the solutions t(g), g 1 (g), g 2 (g) of the equations above, one can extract the generating functions of the number of alternating tangles with an arbitrary number of external legs. The correlation functions we consider are traces of non-commutative words in the M a of degree 2k (for 2k external legs). We usually restrict ourselves to connected correlation functions (free cumulants in the language of free probabilities), which exclude configurations in which some strings have no crossings with the other strings and can be pulled out altogether. This choice is only a matter of taste.
For example, there are five O(n)-invariants of degree 6, except, as before, for a finite set of values of n for which there are fewer: only 4 for n = −4, 3 for n = 2, 2 for n = −2, 1 for n = 1. They are given by:
(a, b, c distinct) and give rise to the various six-legged diagrams depicted on Fig. 11 .
The five types of tangles with 6 external legs.
Application: two solvable cases
There are currently two values of n for which the corresponding matrix model has been exactly solved: n = 1 and n = 2. The case n = 1 is particularly important since it corresponds to counting all alternating tangles regardless of the number of connected components; we shall investigate it here in detail, generalizing known results [8, 1] .
The application of the O(n = 2) matrix model (also known as six-vertex model on dynamical random lattices) to knot theory has already been made in [3] , using slightly different methods than in the present paper, and we shall not come back to it.
However, we have found earlier that aside from n = 1, there is another special value of n, namely −2, for which a simplification in the model occurs and we can expect some exact analytic results. We shall present below an analysis of this case.
3.1. The case n = 1: the usual tangles, and more
As an illustration of the general principle developed above, we present an elementary solution of the case n = 1, that is the counting of alternating tangles. Since there are no colors one cannot distinguish the way the various external legs are connected; the correlation functions available to us will be specified by the number of external legs only.
Note that this solution, which generalizes the original calculation of the number of prime alternating tangles with 4 external legs found in [8] , is technically different from it.
We start by setting n = 1 in the definition of the partition function (Eq. (2.6)); we find:
where g 0 ≡ g 1 + 2g 2 . The fact that the partition function only depends on a particular combination of g 1 and g 2 is consistent with what was found in Section 2.3 and related to the existence of only one quartic O(n)-invariant for n = 1. The most general "planar"
correlation functions of the model are of the form
for which we introduce the generating function:
and the corresponding connected correlation functions G c 2ℓ , whose generating function is the inverse function λ(ω):
Among them we have the two-point function G ≡ G 
where Setting n = 1 in Eq. (2.11b), we also find that
so that for n = 1 (and n = 1 only) we have a closed subset of equations.
We now turn to the solution of our matrix model. We do not repeat the calculation of the G 2ℓ here since it is a standard result of matrix models, see [9] . Starting from the following expression:
with A =
we find that
In particular G = Similarly, using the explicit expression of Γ = G 4 − 2, plugging it into Eqs. (3.5), (3.6) , and using Eqs. (3.8), (3.10) to express t and g 0 in terms of A results in the following fifth degree equation for A:
A(g), specified by Eq. (3.11) and A(g = 0) = 2, is a well-defined analytic function of g in a neighborhood of g = 0. The data of A(g) is enough to recover all correlation functions since we have, combining Eqs. (3.9) and (3.10):
Similarly, one can extract the connected correlation functions, using the fact that λ(ω) satisfies a cubic equation (cf Eq. (3.7)); after a tedious calculation one finds
where c ℓ is a constant (which already appeared in [9] ):
This concludes the calculation of the generating series of the number of tangles with any given number of external legs. In the appendix, the first few orders of G Let us now discuss the asymptotic behavior of the coefficients of the various series for which we found an exact expression. All are simple polynomials in A(g), so that we need to study the latter only. As can be easily checked, the singularity of A(g) closest to the origin is the usual singularity of 2D pure gravity, which is given by g 0c = 4/27 and t c = 4/3, so that A c = 3, and, plugging into Eq. (3.11),
We expand A around g ↑ g c and find
with (a > 0)
This provides the leading singular part of G c 2ℓ :
which finally yields the large order behavior of G
For ℓ = 2 this result coincides with the theorem 1 of [8] . Note that for any ℓ the asymptotic behavior is the same up to a constant. One can of course send ℓ and p to infinity in a correlated manner to obtain a non-trivial scaling limit (here, ℓ ∝ p 1/2 ); but the result is known to be universal and is therefore the usual scaling loop function of pure gravity, which will not be reproduced here.
The case n = −2: a fermionic matrix model
For n negative even integer, it is natural, in the spirit of supersymmetry, to look for realizations of our model of colored links under the form of a fermionic matrix model with
One can then diagonalize M and compute the integral over eigenvalues using standard large N saddle point techniques. The resolvent of M is given by a complete elliptic integral of the third kind; in particular,
where K and E are complete elliptic integrals of the first and second kind with modulus k, and the coupling constant g 0 is given by
(cf also [11] for a similar solution). Finally, inserting the expression of Γ = where cst ≈ −0.237 ± 0.090i. It would be interesting to find a physical interpretation of this critical pointà la Yang-Lee.
Finally, let us note that one could combine the results of n = +2 [3] and of n = −2:
this would give rise to a model of oriented tangles in which one counts separately tangles with odd and even numbers of connected components. Since the coefficients of Γ (g) (and presumably also of Γ 1 (g) and Γ 2 (g) separately) in the case n = −2 satisfy, according to 
